Abstract. In this short article, we prove that any automorphism of the R. Thompson's group F has infinitely many twisted conjugacy classes.
Introduction
Let φ : G → G be an automorphism of a group G. A class of equivalence x ∼ gxφ(g −1 ) is called the Reidemeister class or φ-conjugacy class or twisted conjugacy class of φ. The number R(φ) of Reidemeister classes is called the Reidemeister number of φ. The interest in twisted conjugacy relations has its origins, in particular, in the Nielsen-Reidemeister fixed point theory (see, e.g. [16, 4] ), in Selberg theory (see, eg. [19, 1] ), and Algebraic Geometry (see, e.g. [15] ).
A current important problem of the field concerns obtaining a twisted analogue of the celebrated Burnside-Frobenius theorem [7, 4, 10, 11, 23, 9, 8] , that is, to show the coincidence of the Reidemeister number of φ and the number of fixed points of the induced homeomorphism of an appropriate dual object. One step in this process is to describe the class of groups G, such that R(φ) = ∞ for any automorphism φ : G → G.
The work of discovering which groups belong to the mentioned class of groups was begun by Fel'shtyn and Hill in [7] . Later, it was shown by various a, b|ba m b −1 = a n except for BS(1, 1) [6] , (3) generalized Baumslag-Solitar groups, that is, finitely generated groups which act on a tree with all edge and vertex stabilizers infinite cyclic [17] , (4) lamplighter groups Z n ≀ Z iff 2|n or 3|n [14] , (5) the solvable generalization Γ of BS(1, n) given by the short exact sequence 1 → Z[ 1 n ] → Γ → Z k → 1 as well as any group quasiisometric to Γ [21] , groups which are quasi-isometric to BS(1, n) [20] (while this property is not a quasi-isometry invariant), (6) saturated weakly branch groups (including the Grigorchuk group and the Gupta-Sidki group) [12] .
The paper [21] suggests a terminology for this property, which we would like to follow. Namely, a group G has property R ∞ if all of its automor-
For the immediate consequences of the R ∞ property in topological fixed point theory see, e.g., [20] .
In the present note we prove that R. Thompson's group F has the R ∞ property. We do not know if this is the case for injective homomorphisms.
The R. Thompson group F is a finitely-presented group which has exponential growth, does not contain a free nonabelian subgroup; F is not a residually finite group and is not an elementary amenable group [3] . It is still unknown whether or not F is amenable.
Richard Thompson introduced the groups F ≤ T ≤ V [22] in connection with his studies in logic. Thompson's groups have since appeared in a variety of mathematical topics: the world problem, infinite simple groups, homotopy and shape theory, group cohomology, dynamical systems and analysis. We are interested not only in Thompson's group F , but also in the groups T and V , and the generalizations F n ≤ T n ≤ V n (Note that Higman introduces the groups V n and solves the conjugacy problem for these groups in [25] , while Brown carries this generalization out for T n and V n in [24] ). Our work here only discusses the group F .
The results of the present paper demonstrate that the further study of Reidemeister theory for R. Thompson's group F has to go along the lines specific for the infinite case. On the other hand, this result shrinks the class of groups for which the twisted Burnside-Frobenius conjecture [7, 10, 11, 23, 9, 8 ] has yet to be verified. We would like to complete the introduction with the following question Acknowledgments: The first author would like to thank Professor Brin for helpful conversations and discussion of his work in [2] , upon which this note strongly relies. The second author would like to thank V. Guba, R.
Grigorchuk, M. Kapovich and M. Sapir, for stimulating discussions and comments.
R. Thompson's group F : definitions and standard facts
We will be working with R. Thompson . Further, in our realization of F , the commutator subgroup F ′ of F consists of those elements of F which are the identity function near ±∞. In particular, there is the standard onto homomorphism Ab : F → Z × Z, with kernel F ′ , which is defined by the rule Ab(f ) = (f l , f r ) (this is Theorem 4.1 of [3] ). Here, f l is the translational part of f near −∞, and f r is the translational part of f near ∞, as indicated by the similar notation in the definition above for F . In fact, given any k ∈ F , let us fix the notation k l and k r as the translational parts of k (near −∞ and ∞ respectively) for the rest of this short paper.
Finally, we will need a deep result of Matthew Brin from [2] . To state this result, let us first define Rev : F → F to be the automorphism produced by conjugating an element of F by the real homeomorphism x → −x.
We also need to define the set of eventually T -like piecewise linear selfhomeomorphisms (admitting an infinite discrete set of "breaks" in the domain, where the first derivative is not defined) of R as follows.
A homeomorphism α : R → R is eventually T -like if and only if α We will measure the impact of an automorphism in Z × Z, the abelianization of F . In order to do this, we will use the following lemma. Lemma 2.2. Let f ∈ F , and let g : R → R be eventually T -like. If k = f g , then f l = k l and f r = k r . That is, eventually T -like conjugation does not change the translational parts of f near plus or minus infinity.
Proof. Let f ∈ F , and g : R → R be an eventually T -like homeomorphism of R. Let R g and L g be the locations so that for all x ∈ R\(L g − 1, R g ) we have that g(x + 1) = g(x) + 1.
Define variation functions
That is, on a global scale, homeomorphisms satisfying the periodicity equation are close to pure translations. In particular, the graph of g is not only periodic near ∞, it is also always within a distance of 1 to the pure translation by the constant V R . Note also that for
and suppose x ∈ [M, ∞). We see that the following equations are true.
(In the third to last equality, if f r is negative, we are actually using the fact that g(y) = g(y + 1) − 1, where y > R g .)
The argument near minus infinity is similar.
be the first integral homology functor from groups to abelian groups.
The above work produces this corollary. Its restriction on a normal subgroup we will denote by τ g as well. We will need the following statements.
Hence a shift maps φ-conjugacy classes onto classes related to another automorphism.
) is the number of the usual conjugacy classes in G.
Consider a group extension respecting homomorphism φ:
where H is a normal subgroup of G. First, notice that the Reidemeister classes of φ in G are mapped epimorphically onto classes of φ in G/H.
Suppose that the Reidemeister number R(φ) is infinite, the previous remark then implies that the Reidemeister number R(φ) is infinite.
See [13] for a generalization of this elementary fact to homomorphisms of short exact sequences. An endomorphism φ : G → G is said to be eventually commutative if there exists a natural number n such that the subgroup φ n (G) is commutative.
We are now ready to compare the Reidemeister number of an endomorphism φ with the Reidemeister number of H 1 (φ) :
where θ is abelianization and η is the natural projection, sends every φ-conjugacy class to a single element. Moreover, any group homomorphism ζ : G → Γ which sends every φ-conjugacy class to a single element, factors
The first part of this theorem is trivial. If α ′ = γαφ(γ −1 ) , then
This Theorem shows the importance of the group Coker (1 − (H 1 (φ)) Let G be a finitely generated free Abelian group.
If det(I − φ) = 0 then R(φ) = #Coker (1 − φ) = ∞.
We can now state the main result. In a more concrete fashion, and for the curious reader, it is not difficult to generate an infinitude of twisted conjugacy classes in Z × Z for H 1 (Rev).
Consider the set Γ of pairs {(0, a)|a ∈ Z}, one may check directly that no two elements of Γ are twisted-conjugate equivalent.
